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Abstract
We investigate the Ward identities of the W∞ symmetry in the Liouville theory
coupled to the (p, q) conformal matter. The correlation functions are defined by
applying the analytic continuation procedure for the matter sector as well as the
Liouville one. We then find that the Ward identities are equivalent to the Wq
algebra constraints deduced from the matrix model.
1E-mail address: hamada@yisun1.yukawa.kyoto-u.ac.jp
The exact solutions of the matrix models have provided us with a great deal of
information on two dimensional quantum gravity [1, 2, 3]. One of the prominent
features of 2D quantum gravity coupled to cM < 1 conformal matter is the appear-
ance of the nonlinear structures called the W and the Virasoro constraints [4, 5].
In order to clarify the structures of the spectrum and the factorization, it is neces-
sary to investigate them in terms of the continuum approach, namely the Liouville
thoery [6–18]. This attempt was done in [13, 14] and developed in our recent
work [15].
In this article we generalize our arguments from the viewpoint of the W∞
symmetry and derive the W and the Virasoro constraints completely as the Ward
identities of the currents. Applying the SO(2,C) rotation procedure [18, 19, 20],
which preserve the structure of the operator product expansion, we can obtain
the W∞ currents for cM < 1 theory [20] from those for cM = 1 [21, 22, 23]. The
Ward identities of W∞ symmetry for cM = 1 theory are discussed in [23]. Here
we consider the Ward identities for cM = 1 − 6(p − q)2/pq minimal theory. The
notable point different from cM = 1 theory is how the Wq algebra is realized from
the linear W∞ algebra.
To derive the Wq algebra constraints we need to fix the normalization of the
scaling operator and the convention of the matter momentum (or charge) as well
as the Liouville one, which give the one-to-one correspondence with the matrix
model observables. We also need to define the correlation function by applying the
analytic continuation procedure [11, 12] for the matter sector as well.
The Liouville theory coupled to the (p, q) minimal conformal matter is defined
by the action
S0(p, q) =
1
8pi
∫
d2z
√
gˆ(gˆαβ∂αφ∂βφ+ 2iQLRˆφ)
+
1
8pi
∫
d2z
√
gˆ(gˆαβ∂αϕ∂βϕ+ 2iQM Rˆϕ) (1)
with the background charges
QL = −i(p + q)Q , QM = (p− q)Q , (2)
where Q = 1/
√
2pq. The scalar fields φ and ϕ are the Liouville and the matter
fields respectively. The scaling operators of this theory are given by
Oj =
∫
d2zVj(z, z¯) =
∫
d2zeαjφ(z,z¯)eiβjϕ(z,z¯) , (3)
where the momenta are parametrized as
αj = (p+ q − j)Q , βj = (p− q + j)Q . (4)
These fields are identified with the gravitational primaries and their descendants:
Onq+k = σn(Ok) , (k = 1, · · · , q − 1; n ∈ Z≥0) , (5)
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where n = 0 states are gravitational primaries. Note that the convention for βj is
important when we identify the Liouville theory with the matrix model. We can
then show that the edge states Oj (j = 0 mod q) decouple.
The discrete states of ghost number one Rr,s(z) with the parametrization by
two negative integers r, s clasified in [17] exist at the momenta α−rp−sq and βrp−sq.
The discrete states Rr,s (r, s ∈ Z−) form the W∞ algebra. Here we normalize the
fields such that
Rr,s(z)Rr′,s′(w) =
1
z − w (rs
′ − r′s)Rr+r′+1,s+s′+1(w) . (6)
There also exist the discrete states of ghost number zero Br,s(z) at the same mo-
menta as Rr,s. These states have the ring structure
Br,s(z)Br′,s′(w) = Br+r′+1,s+s′+1(w) . (7)
Combining Rr,s and B¯r,s we can construct the symmetry currents
Wr,s(z, z¯) = Rr,s(z)B¯r,s(z¯) , r, s ∈ Z− , (8)
which satisfy
∂z¯Wr,s(z, z¯) = {Q¯BRST , [b¯−1,Wr,s(z, z¯)]} . (9)
Let us define the correlation functions of the Liouville theory. We consider the
interaction theory
S = S0(p, q) + µOˆ1 − tOˆp+q , (10)
where O1 is the dressed operator of the lowest dimensional matter field and Op+q is
nothing but the screening charge S+ =
∫
ei
√
2β+ϕ, β+ =
√
p/q.2 Here we introduce
the normalized operators Oˆj (j ∈ Z+) defined by
Oˆj = Λ(j)Oj , Λ(j) =
Γ(j/q)
Γ(−j/q) . (11)
Note that Λ(j) (j > 0) vanhishes at j = 0 mod q. We will see that the operators
Oˆj (j > 0, j 6= 0 mod q) directly correspond to the matrix model obserbables.
After integrating over the zero modes of the Liouville and the matter fields the
correlation functions of the scaling operators are expressed as the free field one:
≪ ∏
j∈S
Oˆj ≫g=
(
−λQ
pi
)−χ
2µs
Γ(−s)
α1
tn
n!
<
∏
j∈S
Oˆj (Oˆ1)
s(Oˆp+q)
n >g , (12)
2Note that we do not use another screening charge S− =
∫
ei
√
2β
−
ϕ, β− = −
√
q/p because it
is not included in the definition of the scaling operators (5).
3
where g is genus, χ = 2− 2g and
s =
1
p+ q − 1[(p+ q)χ−
∑
j∈S
(p+ q − j)] , (13)
n =
1
p+ q − 1[−χ +
∑
j∈S
(1− j)] . (14)
The Γ-function comes from the zero mode integral of φ. The zero mode integral of
ϕ gives the Kronecker delta which guarantees the momentum neutrality of matter
sector. The expression connects between the correlators in the interaction picture
≪ · · · ≫g and ones in the free picture < · · · >g. If s and n are integers, the
correlation functions can be calculated. However s and n are not integers in gen-
eral. According to the argument of [11, 12] we define the correlators by analytic
continuations in s and n, where n! is defined by Γ(n+ 1).
In the following we consider the Ward identities of the currents∫
d2z∂z¯ ≪W−k,−n−k(z, z¯)
∏
j∈S
Oˆj ≫g= 0 , (k = 1, · · · , q − 1; n ∈ Z≥1−k) (15)
which will be just identified with the W(k+1)n constraints. The equations for k = 1
is the Virasoro constraints and others are the W constraints.
We first discuss the Ward identity for the current W−1,−n−1 and show that it is
expressed as the Virasoro condition for the exponential of the partition function.
The explicit form of the current W−1,−n−1 = R−1,−n−1B¯−1,−n−1 is given by
R−1,−n−1(z) = −(n + 1)!H−(z)eΦ(z)−nqQφ(z)+inqQϕ(z) (16)
for z side and
B¯−1,−n−1(z¯) = (B¯−1,−2(z¯)
)n
(17)
for z¯ side, where H−(z) and B¯−1,−2 are defined by
H−(z) =
∮
du
2pii
e−Φ(u+z) , (18)
Φ(z) = (p− q)Qφ(z) + i(p+ q)Qϕ(z) (19)
and
B¯−1,−2(z¯) =
[
c¯b¯+
√
p
2q
(∂¯φ+ i∂¯ϕ)
]
eαp+2qφ(z¯)eiβ−p+2qϕ(z¯) . (20)
The operator product expansion (OPE) between the current and the scaling oper-
ator is easily calculated as
W−1,−n−1(z, z¯)Ok(w, w¯)
=
1
z − w
(−1)n
q2n+1
k2(q + k)2 · · · ((n− 1)q + k)2(nq + k)Onq+k(w, w¯)
=
1
z − w
k
q
Λ−1(k)Λ(nq + k)Onq+k(w, w¯) , (21)
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where Ok(z, z¯) = c¯(z¯)c(z)Vk(z, z¯). The Λ factors are renormalized into the scaling
operators so that we obtain
W−1,−n−1(z, z¯)Oˆk(w, w¯) =
1
z − w
k
q
Oˆnq+k(w, w¯) . (22)
The derivative ∂z¯ picks up the OPE singularity and so we get
0 =
∫
d2z∂z¯ ≪W−1,−n−1(z, z¯)
∏
j∈S
Oˆj ≫g
= pi
p+ q
q
t≪ Oˆnq+p+q
∏
j∈S
Oˆj ≫g −pi
q
µ≪ Oˆnq+1
∏
j∈S
Oˆj ≫g (23)
+
pi
q
∑
k∈S
k ≪ Oˆnq+k
∏
j∈S
(j 6=k)
Oˆj ≫g +
∫
d2z ≪ ∂z¯W−1,−n−1(z, z¯)
∏
j∈S
Oˆj ≫g .
The first and the second correlators of r.h.s. come from the OPE with the potentials
Oˆp+q and Oˆ1 respectively. Usually the last correlator would vanish because the
divergence of the current is the BRST trivial (9). However, in this case, the
boundary of moduli space pinching 2D surface become dangerous and the last
correlator gives nonvanishing contributions.
Using the relation of factorization [15, 9, 10] we can calculate the contribution
from such a boundary,
−λQ
pi
∞∑
N=0
∞∑
k=1
∫ ∞
−∞
dh
2pi
≪ F1
∫
|z|≤1
d2z∂z¯W−1,−n−1(z, z¯)
×D| − h, β−k, N ≫≪ h, βk, N |F2 ≫ , (24)
where D is the propergator. F1 and F2 are sets of operators composed of ones in
S. The integer N stands for the oscillation level of the states. The zero level state
is defined by
|h, βk >= ei(h+QL)φ(0)eiβkϕ(0)|0 >L,M ⊗c¯1c1|0 >G , (25)
which is the eigenstate of the Hamiltonian H = L0 + L¯0 with the eigenvalue
h2 + Ek,N , where Ek,N = k
2Q2 + 2N .3 It is normalized as
≪ h′, βk′, N ′|h, βk, N ≫g=0= −pi
λQ
2piδ(h+ h′)δk+k′,0δN,N ′ . (26)
The zero mode integral of the Liouville field now produces the δ-function. The
propergator is defined by
D =
∫
|z|≤1
d2z
|z|2 z
L0 z¯L¯0 = 2pi
(
1
H
− lim
τ→∞
1
H
e−τH
)
. (27)
3Note that, as discussed in [8, 9, 10], the spectrum of the free theory |h, βk > is the same as
that of interaction theory |h, βk ≫.
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The last term stands for the boundary of moduli space pinching 2D surface. Since
the BRST charge commutes with the Hamiltonian, there is no contribution from
1/H term in the propagator. While the boundary term gives nonvanishing quan-
tities in the limit τ →∞,
lim
τ→∞λ
Q
pi
∞∑
N=0
∞∑
k=1
∫ ∞
−∞
dh
2pi
∫
e−τ≤|z|≤1
d2z ≪ F1 [b¯−1,W−1,−n−1(z, z¯)]
×Q¯BRST 2pi
H
e−τH | − h, β−k, N ≫≪ h, βk, N |F2 ≫ . (28)
Changing the variable to z = e−τx+iθ, where 0 < x < 1 and 0 < θ < 2pi, the
integrals of x and the momentum h can be evaluated exactly in the limit τ → ∞
by using the saddle point method. Here we omit the details of the calculation
(see [15]). The result is
λ
pi
q
nq−1∑
k=1
Λ(k)Λ(nq − k)≪ F1 Onq−k ≫≪ Ok F2 ≫ , (29)
where N 6= 0 modes vanish exponentially as e−2Nτ . The sum of k is restricted
within 0 < k < nq because the saddle point of the x integral is now located at
x = k/nq which needs to be within the interval 0 < x < 1 to give a nonvanishing
quantity. Furthermore, note that the expression vanishes at k = 0 mod q because
of the factors Λ(k) and Λ(nq−k). This factors are absorbed in the scaling operators
and we obtain ∫
d2z ≪ ∂z¯W−1,−n−1(z, z¯)
∏
j∈S
Oˆj ≫g
=
1
2!
λ
pi
q
nq−1∑
k=1
(k 6=0 mod q)
[
≪ Oˆnq−kOˆk
∏
j∈S
Oˆj ≫g−1 (30)
+
∑
S=X∪Y
g=g1+g2
≪ Oˆnq−k
∏
j∈X
Oˆj ≫g1≪ Oˆk
∏
j∈Y
Oˆj ≫g2
]
.
The first term of r.h.s. is a variant of the boundary (29), where a handle is pinched.
The factor 1/2! corrects for double counting. Therefore we finally get the equation
0 =
p+ q
q
t≪ Oˆnq+p+q
∏
j∈S
Oˆj ≫g +x
q
≪ Oˆnq+1
∏
j∈S
Oˆj ≫g
+
∑
k∈S
k
q
≪ Oˆnq+k
∏
j∈S
(j 6=k)
Oˆj ≫g (31)
+
1
2
λ
q
nq−1∑
k=1
(k 6=0 modq)
[
≪ Oˆnq−kOˆk
∏
j∈S
Oˆj ≫g−1
+
∑
S=X∪Y
g=g1+g2
≪ Oˆnq−k
∏
j∈X
Oˆj ≫g1≪ Oˆk
∏
j∈Y
Oˆj ≫g2
]
,
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where we set x = −µ. This equation is nothing but the Virasoro constraint [4, 5]
Lnτ | x1=x
xp+q=t
xj=0 (j 6=1,p+q)
= 0 , τ = eZ(x1,x2,···) , (32)
where
Ln =
∑
−k+m=nq
k
q
xk∂m +
1
2
λ
q
∑
k+l=nq
∂k∂l (33)
and Z(x1, x2, · · ·) is the partition function of the Liouville theory defined by the
action S = S0(p, q)−∑j xjOˆj. Here xj and ∂j , (j = 0 mod q) are discarded.
Next we consider the Ward identity of the current W−2,−n−2 which will gives
the W(3)n constraint [4, 5]
W(3)n τ | x1=xxp+q=t
xj=0 (j 6=1,p+q)
= 0 , (34)
where τ function is defined in (32) and
W(3)n =
∑
−l−k+m=nq
l
q
k
q
xlxk∂m+
λ
q
∑
−l+k+m=nq
l
q
xl∂k∂m+
1
3
λ2
q2
∑
l+k+m=nq
∂l∂k∂m . (35)
To derive the single derivative term we need to calculate the OPE
W−2,−n−2(z, z¯)Ok(0, 0)
∫
d2wVl(w, w¯) =
1
z
C(3)n (k, l)Ok+l+nq(0, 0) . (36)
The coefficient for n = −1 has already been calculated in [15]. We now normalize
the current W−2,−1 as
W−2,−1 =
[
∂2Φ + (∂Φ)2
][
c¯b¯+
√
q
2p
(∂¯φ− i∂¯ϕ)
]
eα2p+qφeiβ−2p+qϕ . (37)
We then get
C
(3)
−1(k, l) = 2pi
k
q
l
q
Λ−1(k)Λ−1(l)Λ(k + l − q) . (38)
The coefficient for general n is given by using the W∞ algebra. Noting that
W−2,−n−2(z, z¯) =
−1
2n+ 3
[Q−1,−n−2,W−2,−1] , Qr,s =
∮
dz
2pii
Wr,s(z, z¯) (39)
and using the results (21) and (38) we easily obtain
C(3)n (k, l) = 2pi
k
q
l
q
Λ−1(k)Λ−1(l)Λ(k + l + nq) . (40)
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The two derivative term in (35) is derived by calculating the following boundary
lim
τ→∞−λ
Q
pi
∞∑
k=1
∫ ∞
−∞
dh
2pi
≪ F ′1
{∫
e−τ≤|z|≤1
d2z∂¯W−2,−n−2(z)
∫
|w|≤|z|
d2wVl(w)
+
∫
e−τ≤|z|≤1
d2zVl(z)
∫
|w|≤|z|
d2w∂¯W−2,−n−2(w)
}
(41)
×−2pi
H
e−τH | − h, β−k ≫≪ h, βk|F ′2 ≫ ,
where the primes on F1 and F2 stand for the exclusion of the operator Ol. The
integrals of h and z are also evaluated by using the saddle point method. Using
the W∞ algebra (39) and the result for n = −1 [15] we obtain for general n
2pi2
λ
q
nq+l−1∑
k=1
l
q
Λ−1(l)Λ(k)Λ(nq + l − k)≪ F ′1 Onq+l−k ≫≪ Ok F ′2 ≫ . (42)
The three derivative term can be calculated as a variant of the boundary (42).
Prepare another factorization relation (see (24)). As discussed in our previous
work [15], noting that the 1/H part of the propagator gives the on-shell states
after integrating over the intermediate momentum, the contribution corresponding
to the three derivative term can be obtained by replacing Vl in the expression (41)
with −λ(Q/pi)(1/hl)V−l ≪ Ol F3 ≫, where 1/hl =
∫
dh (h2 + El,0)
−1 = pi/lQ,
2pi2
λ2
q2
∑
k+l+m=nq
Λ(m)Λ(k)Λ(l)≪ F1 Om ≫≪ Ok F2 ≫≪ Ol F3 ≫ . (43)
Combining the boundaries (36), (42) and (43) and their variants and taking into
account the factor 1/2! for (42) and 1/3! for (43) to avoid the overcounting, we
finally get the W(3)n constraint.
In general cases it is necessary to calculate the following operator product
W−k,−n−k(z, z¯)Ol1(0, 0)
∫
Vl2 · · ·
∫
Vlk =
1
z
C(k+1)n (l1, · · · , lk)Onq+l1+···+lk(0, 0) ,
(44)
where the OPE coefficient is calculated by applying the W∞ algebra recursively,4
C(k+1)n = pi
k−1k!Λ(nq + l1 + · · ·+ lk)
k∏
j=1
lj
q
Λ−1(lj) . (45)
This OPE corresponds to the single derivative term of W(k+1)n constraint
W(k+1)n =
∑
−l1−···−lk+m=nq
l1
q
· · · lk
q
xl1 · · ·xlk∂m + · · · . (46)
4This coefficient is the same as that calculated for cM = 1 theory [23] up to the sign factor if
we take kj = lj/2q, where kj corresponds to the momentum of the tachyon T
+
kj
.
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We can also calculate the boundary corresponding to the two derivative term. The
terms with more derivatives are caluculated as variants of the two derivative term.
We showed that the Ward identities of the currents W−k,−n−k are equivalent
to the W(k+1)n constraints which form the Wq algebra. Here note that there are
no W
(k+1)
−k constraints in the Liouville theory approach. The Ward identities of
k ≥ q will become redundant. The similar argument appears in the matrix model
approach [24, 25].
We finally comment on the universality class of the models. Until now we
consider the S0(p, q) model perturbed by the operators Oˆ1(p, q) and Oˆp+q(p, q),
where (p, q) stands for the (p, q) minimal theory. The same model can be obtained
from the (p′, q) model defined by the action
S = S0(p
′, q) + µOˆ1(p′, q)− tOˆp+q(p′, q) , (47)
where p′ 6= p. The special case p′ = q + 1 was discussed in [15]. Oˆ1(p′, q) and
Oˆp+q(p
′, q) is the first and the (p + q)-th scaling operators of the (p′, q) theory.
Note that Oˆp+q(p
′, q) is no longer the screening charge of the matter sector. Really
this model satisfies the same recursion relations as those of the model discussed in
this paper. It is easily seen by noting that all OPE coefficients of the boundary
calculations (21), (29), (40), (42), (43) and (45) are independent of p. It is also
explained from the viewpoint of the SO(2,C) rotation [18, 19, 20]. These two
models including the potential terms can interchange each other by the rotation.
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